
EurographicsSymposiumonRendering(2005)
Kavita Bala,Philip Dutré(Editors)

A Low DimensionalFramework for Exact
Polygon-to-PolygonOcclusionQueries

D. Haumont1 andO. Mäkinen2 andS.Nirenstein3

1UniversitéLibre deBruxelles2Hybrid GraphicsLtd. andUniversityof Helsinki 3Universityof CapeTown

Abstract
Despitetheimportanceof from-region visibility computationin computergraphics,ef�cient analyticmethodsare
still lacking in the general 3D case. Recently, different algorithmshaveappeared that maintainocclusionas a
complex of polytopesin Plücker space. However, they suffer fromhigh implementationcomplexity, aswell ashigh
computationalandmemorycosts,limiting their usefulnessin practice.
In this paper, we presenta new algorithm that simpli�es implementationand computationby operating only
on the skeletonsof the polyhedra insteadof the multi-dimensionalfacelattice usuallyusedfor exact occlusion
queriesin 3D. Thisalgorithmis sensitiveto complexity of thesilhouetteof each occludingobject,ratherthanthe
entire polygonalmeshof each object.An intelligentfeedback mechanismis presentedthatgreatlyenhancesearly
terminationby searching for apertures betweenquerypolygons.We demonstrate that our techniqueis several
timesfasterthanthestateof theart.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]:ExactVisibility Culling

1. Intr oduction

The from-region visibility problemrefersto the determina-
tion of the set of 3D primitives visible from a volumetric
regionV, througha setof polygonaloccludersOi . This is a
centralproblemin many computergraphicsalgorithms,such
asglobalilluminationandocclusionculling.
The most direct applicationof a from-region visibility so-
lution is the computationof PotentiallyVisible Sets(PVS)
[ARB90]. The navigable spaceof a sceneis decomposed
into volumetricview cells, while theobjectsthatarevisible
from eachview cell arecomputedusingfrom-regionvisibil-
ity techniquesandstoredin thePVSdatastructure.During
an interactive explorationof thescene,only theobjectsas-
sociatedwith the view cell containingthe cameraposition
needto bedrawn. Thiscanleadto notablespeedgainswhen
displayingsceneswith high overdraw sincethe numberof
objectsvisible from eachcell is usuallymuchsmallerthan
thesizeof thedatabase.

Until recently, analytic from-region visibility algorithms
have beenconsideredimpracticaldueto the costsinvolved
andmany alternative solutionshave beenproposed:

� Conservative solutions[LSCO03] usuallymake simplify-
ing assumptionsfor computationalef�ciency, but almost
alwaysoverestimatethevisibility.

� Aggressive solutions [NB04] are typically basedon a
samplingprocess.They arefastandsimpleto implement,
but the samplingpractically always underestimatesthe
visibility, leadingto errorsin theoutputimage.

Detailedsurveys aboutconservative and aggressive occlu-
sionculling methodscanbefoundin [COCSD02,PT02].

Analyticapproacheswere�rst introducedfor 2D and21
2D

scenes[KCoC01, BWW01]. Recentworks have demon-
stratedthat analyticcomputationis alsopossiblein 3D by
formulatingvisibility in Plücker space[NBG02,Bit02]. In-
steadof solvingthe from-region visibility problemdirectly,
thesemethodsreplaceit by several simpler from-surface
visibility problems.Sinceany visible ray originating from
the region intersectsone of its boundaryfaces,the set of
primitivesvisible from the region is equalto the union of
the primitives seenby its boundaryfaces(and the primi-
tives containedin the region), showing that the problems
can be solved by using only from-surfacetechniques.Us-
ing this observation,existing analytic3D methodscompute
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the from-surfaceocclusioninformation by using CSG op-
erationson polytopes(i.e. boundedpolyhedra)in Plücker
space.However, currentmethodshave a considerablecom-
plexity both in termsof computationtime andimplementa-
tion. In practice,thesedrawbackshave preventedthemfrom
beingadoptedby thecomputergraphicscommunityandin-
dustry. In this paper, we addresstheissuesof previousana-
lytic from-regionvisibility methodsbydevelopingasimpler,
more ef�cient and more robust mechanismfor computing
thevisibility queries.

1.1. Contrib utions

Low dimensionalalgorithms in Plücker space: We show
thatmaintainingtheocclusionin Plückerspaceonly requires
maintainingthe1-skeletonof thepolytopes(i.e. thevertices
andtheedgesof thepolytopes),insteadof thefull facelattice
usedin previouswork (Section3).

Ef�cient polygon-to-polygon occlusion query: We em-
ploy the low dimensionalalgorithms in the context of
polygon-to-polygonvisibility query, andcombinenew tech-
niquesto furtherenhancetheef�ciency (Section4):

� we proposethe casting of rays into the aperturesleft
by the alreadyprocessedoccluders.By construction,the
methodquickly detectsany apertureexisting betweenthe
polygons,andallows anearlyterminationof thequeryin
thecaseof mutualvisibility. Theraysarealsousedfor oc-
cluderselection,to ensurethateachoccluderwe process
will blocksomepartof thenotyetprocessedline space.

� weproposeanew occluderfusionmechanismspeci�cally
designedto pair with the Plücker-spacemappingof the
visibility query. By discardingthe occluder's edgesthat
arenot part of the from-region silhouetteswe show that
many redundantcomputationscanbeavoided.

The restof the paperis organizedas follows. After pre-
sentingthe generalprinciple of previous analyticvisibility
approachesin Section2, the low dimensionalalgorithms
aredescribedandusedin a new polygon-to-polygonocclu-
sionqueryframework in Sections3 and 4. We evaluatethis
framework in Section5 andconcludein Section 6.

2. Analytic fr om-regionvisibility

2.1. Intr oduction to Plücker coordinates

Let l be an orientedline in the 3D Euclideanspace �

3 ,
passing�rst through point P � px �

py �

pz �

and then through
point Q � qx �

qy �

qz �

. This line is parameterizedin thePlücker
spaceby thePlücker coordinatespl

i :
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�

�
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�

�
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(1)

Thecoordinatescanbeinterpretedin two ways:
� as the homogeneous coordinates of a point

l �
� pl
0 �

pl
1 �

pl
2 �

pl
3 �

pl
4 �

pl
5 �

� asthecoef�cients of anhyperplaneHl of equation

Hl �

pl
3x0 �

pl
4x1 �

pl
5x2 �

pl
0x3 �

pl
1x4 �

pl
2x5




0 (2)

It is important to note that the Plücker spaceis a pro-
jective space�

5, which meansthat the Plücker coordinates
areequivalentwithin apositivemultiplicativecoef�cient de-
pendingon the choiceof P and Q to de�ne the line. The
point l � of �

5 canbeseenasa ray throughtheorigin in �

6,
andHl asanhyperplanecontainingtheorigin in �

6.

Let Ha be thedual hyperplaneof theorientedline a and
b � thedualpoint of theorientedline b. Thesignof theex-
pressionHa � b �

�

, givestherelative orientationof thelinesa
andb in 3D space�

3 . If Ha � b �

���

0 thelinesareskew and
passeachotherin the left handedway. If Ha � b �

���

0, they
areskew andright handedoriented.If Ha � b �

�




0, thelines
intersecteachother. All linesin �

3 mapto pointsin �

5, but
theoppositeis nottrue.Theonly pointsin �

5 thathaveacor-
respondencein �

3 belongto a manifold,calledthePlücker
quadric,givenby theequation

G

��

Hx � x �

�




0 : x ���

5 ���

�

0 � (3)

ThePlücker quadricis a 4D manifold,whose3D analog
would bea hyperboloidof onesheet.Theotherpointsin �

5

correspondto lines with imaginarycoef�cients that do not
exist in �

3 .

2.2. Generalprinciple of analytic visibility

Thefrom-surfacevisibility problemrefersto thedetermina-
tion of thesetof polygonalprimitivesof ascenethatarevis-
ible from thepolygonalsurfaceSthroughasetof polygonal
occludersOi . In the caseof occlusionculling, S is the face
of a view cell andR is a targetof thevisibility query:e.g.,a
sceneprimitive or a faceof a boundingbox.We call a stab-
bing line an orientedline that intersectsa setof polygons.
Let R bea convex polygonalsceneprimitive. To determine
if R is visible from at leastonepoint of S, analyticmethods
representthe setsof linesbetweenS andR aspolyhedrain
dualspace(seeFigure1). Thesetof linesstabbingsimulta-
neouslyS andR is representedby the polyhedron��� S

�

R
�

.
Eachoccluderinterceptsasetof linesthatcanalsoberepre-
sentedby thepolyhedron� i � S

�

R
�

.
� Theconvex polyhedron�! "� i containsthesubsetof lines

stabbingSandR, andblockedby Oi .
� The non-convex polyhedron �

�

� i containsthe set of
linesstabbingSandR, andnot blocked by Oi . To avoid
dealingwith anon-convex polyhedrait is usuallysplit into
convex parts,forming togetheracomplex of convex poly-
hedra(in the restof the papera complex # designatesa
setof convex polyhedra� i).
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Thesetof lines thatarenot blockedby a setof n convex
occludersOi arecomputedby successive subtractionof the
n occluderpolyhedra� i from � , usingCSGin dualspace.
The result is maintainedasa complex of polyhedra# , rep-
resentingthesetof linesthatarenot blockedby thealready
processedoccluders.Thesubtractionoperationitself is per-
formedby splittingthepolytope� by thehyperplanesof � i ,
andthesubsetof � thatis locatedinside � i is eliminated.

Figure1: (a) Thepolytope� , representingin primal space
thesetof linesstabbingthequerypolygons.(b) Theoccluder
Oi blocksa setof lines.(c) Thecomplex #


$�

� 1 �

� 2
� con-

taining the resultof the operation �

�

� i . In primal space
it representsthesetof linesthat were not blockedby theoc-
cluderOi

If thepolytope� becomesentirelyeliminatedby thesub-
tractionof a setof polytopes� i , R is hiddenby the setof
occludersOi . Otherwise,someunblocked linesexist andR
is visible from S(seeFigure2).

Figure 2: After all theoccluders havebeenprocessed,the
remainingcomplex representsthe setof lines that havenot
beenblocked.

In 2D, the dual spaceis also two-dimensional,andef�-
cientalgorithmsexist [KCoC01,BWW01]. In 3D, theprob-
lem is more involved becausethe dual spaceis the � ve-
dimensionalprojectivePlückerspace.Thetransformationof
theprobleminto this dualspaceis obtainedby usingequa-
tion (2) to transformthe lines containingthe edgesof the
scenepolygonsto hyperplanesin Plücker space(seeFig-
ure3). It canbeshown thatthesetof stabbinglinesthrough
onepolygoncanberepresentedby a polyhedron (i.e. anun-
boundedconvex region of space),and the set of stabbing
lines betweentwo polygonscanbe representedby a poly-
tope(i.e. a boundedpolyhedron)[Nir03] (the edgesof the
query polygonsmust be orderedso that any stabbingline
b passesthem with the samerelative orientation).In both
cases,thesetof stabbinglines is representedby theportion

of thePlücker quadricdelimitedby thepolyhedron.In par-
ticular, thedualpoint b � of thestabbingline b is locatedon
thePlücker quadricsurfaceandinsidethepolyhedron.The
intersectionpointss� of theedgeswith thePlücker quadric
arethe extremalstabbinglines of the polygons[Tel92]. In
3D, the line s is incidenton four polygonsedges(or more
in degeneratecon�gurations)(seeFigure3). A subtraction
operationcanpossiblycreatea polytopethatdoesnot inter-
sectwith the Plücker quadric:this polytopecanbe deleted
becauseit doesnotcontainany realstabbinglines[Pu98].
Thenext sectionpresentsthepreviousanalyticfrom-region
visibility techniquesusingthesegeneralprinciples.

Figure 3: Correspondencebetween3D andPlücker Space
(Note: this is an evocationof the reality, becausethe dual
Plücker spaceis actually �

5). Theinitial polygonedgesare
mappedto hyperplanesin Plücker space. Thelines incident
onfour polygonedgesare theextremalstabbingliness.The
curvesonthePlücker quadricarethetracesof the2-facesof
thepolytope(i.e. thefacesof dimension2), andcorrespond
to linesincidenton3 polygonedges.

2.3. Previouswork

In 2D, Koltun et al. proposedto determinethe visibility
of eachgeometricprimitive individually by usingpolygon-
to-polygonocclusionqueries[KCoC01]. The dual spaceis
also two dimensional,and the problemcanbe discretized,
whichgivesthepossibilityto implementthesubtractionop-
erationwith graphicshardwarerasterization.The polygon-
to-polygonquerymechanismwasextendedto 3D by Niren-
stein et al. [NBG02]. The visibility of a polygon R is de-
terminedby �rst constructinga boundedpolytope � , repre-
sentingthe setof stabbinglines crossingR andthe source
polygonS. Eachoccluderpolytopeis iteratively subtracted
from � . The polygonsS andR areproven to be hiddenif

� getscompletelyremoved.Theauthorsproposeda frame-
work includingseveraloptimizationsfor PVScomputation.

Bittner et al. representall the unblocked rays leaving
the querypolygon.The approachwas�rst proposedin 2D
[BWW01] and then extendedto 3D [Bit02]. The rays are
encodedin anocclusiontree[BHS98], which is a BSPtree
in Plücker space.Eachinternalnodecontainsa hyperplane
equationthatcorrespondsto theedgeof anoccluder. A leaf
noderepresentseitheranunblockedregionof Plücker space
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(out-leaf)or a blocked line region (in-leaf). The occlusion
treeconstructionnecessitatesa front-to-backorderingof the
occluders.A boundedpolytope � i is constructedfor each
occluderOi , representingthesetof stabbinglinesintersect-
ing Oi and the sourcepolygon S. The polytope � i is �l-
tereddown in the tree,from the root to the leafs.Eachin-
ternalnodesplitstheinitial polytopeinto two fragmentsthat
areprocessedin thenode's two subtrees.Whena fragment
reachesan out-leafnode,the nodeis replacedby a subtree
constructedfrom thepolytope's hyperplanes.If anin-leaf is
reached,the fragmentis eliminated.After all the occluders
havebeeninserted,theocclusiontreescanbeusedto testthe
occlusionof thegeometricprimitivesof thescene.

Recently, Mora et al. [MAM05] proposedto reducethe
fragmentationof the polytope complex, induced by the
methodof Nirensteinet al. [NBG02], by detectinganddis-
cardingtheredundantsplit operations.

Theexistingmethodsindicatethatrepresentingtheocclu-
sion by a complex of polytopesin Plücker spacerequires
two fundamentaloperations:thecreationof a polytoperep-
resentingthesetof linesstabbingtwo polygons,anda poly-
topesplit algorithmto performtheCSGoperations.

The polytoperepresentingthe set of lines stabbingtwo
polygons was obtainedfrom a vertex enumerationalgo-
rithm [AF96] in all thepreviousapproaches:theedgesof the
polygonsaretransformedto hyperplanesthatcorrespondto
the facetsof thepolytope.Fromtheseequations,thevertex
enumerationalgorithm outputsthe 1-skeletonof the poly-
tope.In his thesis,Nirensteinproposeda directconstruction
algorithm,but no implementationwasevaluated[Nir03].

Thepolytopesplitsarealsoperformedusingavertex enu-
merationalgorithm in [Bit02]: the two polytopesare ob-
tainedby addingthesplitting hyperplaneto thelist of facets
of the initial polytope.In [NBG02], Nirensteinet al. pro-
poseda moreef�cient split algorithmadaptedfrom [BP96],
basedon thefacelatticeof thepolytope[FR94]. A polytope
split consistsof iteratingthroughall thek-facesof thepoly-
topein all dimensions,startingwith the1-dimensionalfaces
and�nishing with thed-dimensionalfaces,andperforming
symbolicandnumericalcomputationonthepolytope's face-
lattice.This split operationwasalsousedin [MAM05].

3. Low dimensionalalgorithms in Plücker space

Maintainingvisibility relationshipsin Plückerspacerequires
two fundamentaloperations:a polytopesplit procedureand
thecreationof a polytoperepresentingthesetof linesstab-
bing two polygons.In this sectionwe proposenew algo-
rithms for performingthesetasksusingonly the1-skeleton
of thepolytopes(i.e. their verticesandedges)andthecom-
binatorial descriptionof their vertices(i.e. the list of facets
they belongto).

This approachis conceptuallysimilar to the introduction

of the Visibility Skeletonfor global visibility computation
[DDP97], insteadof theVisibility Complex [DDP96]. How-
ever, this comparisonis not entirelycorrect,becausethe 1-
skeletonof thepolytopescontainsdifferentinformationthan
the visibility skeleton.The visibility skeletonencodesthe
critical swaths(i.e. thesurfacesdelimiting thevisibility dis-
continuities)and the extremal stabbinglines, while the 1-
skeletononly encodestheextremalstabbinglinesexplicitly.
However, they arestill groupedinto polytopes,correspond-
ing to higherdimensionalcellsof thevisibility complex: this
lattercanstill bereconstructedfrom the1-skeletonrepresen-
tation.

Section3.1 givesa generald-dimensionalpolytopesplit
algorithm. In section3.2, we show how to constructthe
1-skeleton of a polytope � in Plücker spacefrom its in-
tersectionwith the Plücker quadricrepresentingthe set of
linesstabbingtwo convex polygonsSandR. A polygon-to-
polygonocclusionqueryframework, basedon top of these
algorithms,is presentedin thesection.

3.1. d-dimensionalpolytope splitting algorithm

Let � bea boundedpolytopein �

d , Hi thehyperplanesup-
portingits faceti,Vi oneof its verticesandE % Vi �

Vj &

oneof its
edges.Wesplit this polytopeby thehyperplaneHs to obtain
thetwo polytopes�(' and �*) .

Figure 4 shows an illustrative examplein 2D, in which
casetheconvex polytopeis a convex polygon,andits facets
areequalto its edges.We indicatewith eachvertex its com-
binatorialdescription.Notethatthealgorithmis identicalre-
gardlessof thedimensionalityof thepolytope.Thesplitting
algorithm is divided into 3 steps:classi�cation of the ver-
tices,splitting of the edges,and �nally linking of the new
vertices:

Step 1: The �rst step is to classify eachvertex Vi as

�

-
�

=
�

+ � , with respectto its relative positionwith the
hyperplaneHs. Thevertices - arecopiedinto a new poly-
tope �(' , while thevertices + arecopiedin anew polytope

�*) . If a vertex in � belongsto Hs, it is classi�ed = , and
addedto �(' and �*) . Hs is addedto thecombinatorialde-
scriptionof thevertex.

Step 2: For eachedgeE % Vm �

Vn
&

linking two verticesVm

andVn of different signs,a new vertex Vs, labeled = , is
addedat the intersectionof theedgeandof thehyperplane
Hs. Thecombinatorialdescriptionof this vertex is equalto
the combinatorialdescriptionof the edgeE % Vm �

Vn
&

, aug-
mentedby the hyperplaneHs. The split edgeE % Vm �

Vn
&

of
+

becomestheedgeE % Vm �

Vs
&

of
+

' andtheedgeE % Vs �

Vn
&

of
+

)
. The edgesof

+

linking two vertices - (resp. + )
areduplicatedinto

+

' (resp.
+

) ).

Step 3: The last stepcreatesthe new edgesof
+

'
and

+

) . All theseedgesarelocatedon the hyperplaneHs, and
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link togetherverticesequalto = . We usethe combinato-
rial descriptionof thevertices = to createthenew edges.If
thepolytopeis simple,theverticeslabeled = thatmustbe
linkedby anedgearethosethathave d

�

1 commonfacets
(d-1 is equalto 4 in Plücker space)in their combinatorial
description.Whenthepolytopeis not simple,theedgescan
have morethand

�

1 facetsin their combinatorialdescrip-
tion. In thatcase,a new edgeis createdonly if thecommon
facethyperplanesintersectin aline (i.e.thematrixbuilt from
their equationsis of rankd

�

1).

(a) (b)

(c) (d)

Figure4: (a) Thepolytope� . (b) The1-skeleton
+

of � . (c)
Classi�cationof theverticesof � with respectto thesplitting
hyperplaneHs. (d)

+

' and
+

) after thesplit.

3.2. Constructing the stabbing linesbetweentwo 3D
polygons

In previous works [NBG02, Bit02], a vertex enumeration
algorithm is usedfor the constructionof initial polytopes.
The approachis the most generalpossible,and is much
slower thana dedicatedalgorithm,sinceit doesnot take the
speci�cs of the probleminto account.Furthermore,the ap-
proachis very sensitive to numericalimprecision,anddoes
not alwaysproducea correctsolutionin particularpolygon
con�gurations.In contrast,our approachis basedon theex-
plicit constructionof theextremalstabbinglinesbetweenthe
two polygons,andalwaysproducesa valid result.A similar
methodwasmentionedin [Nir03] andin [MAM05], but was
neitherevaluatednor detailed.

Let PlS and PlR be the orientedplanescontainingthe
querypolygonsS andR respectively. Beforecomputing � ,
we �rst clip S with PlR andR with PlS, andkeepthe parts
of the polygonslocatedon thepositive sideof thesplitting

planes.If oneof thepolygonsis removedcompletelyin the
clippingstage,nostabbinglinesexist,andthepolytopeis the
emptyset.Otherwise,line r is computedastheintersection
of PlS andPlR (seeFigure5). (Note:if Pls andPlr areparal-
lel, r � is equalto � 0

�

0
�

0
�,�

nx �,�

ny �,�

nz �

, with n � nx �

ny �

nz �

thenormalof Pls.)

Figure5: Initial querypolygonscon�guration.Theline r is
theintersectionof planesPlS andPlR. All theedgesof Sand
Rare incidenton r.

The edgesof the query polygonsare mappedto hyper-
planesin Plücker space,andform aprojective polytope.Af-
ter its projectionon an arbitraryprojectionhyperplane,the
polytopebecomesanunbounded'pyramid'. Theline r maps
to thepoint r � , which is theapex of thepyramid,sincer is
thelineonwhichall boundingedgesareincident(cf. Figures
5 and6).

(a) (b)

Figure6: Geometricpropertiesof polytope� . (a) Afterpro-
jectiononto an arbitrary hyperplane:theapex of thepyra-
midr � belongsto thequadric.(b) AfterprojectionontoH - :
r � becomesa point at in�nity . The intersectionof the ver-
tical edgeswith thePlücker quadricare thepointss. �i j cor-
respondingto the extremalstabbinglines. (Note: this is an
evocation,the polytopeis actually embeddedin an hyper-
planein �

6. For clarity, we haverepresentedonly 5 of the
16 vertical edgesthat de�ne thepolytopein this con�gura-
tion).

The pyramid could possiblybe degenerateif r � became
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a stabbingline, but this situationis avoided by the initial
clippingof thequerypolygons.Thesetof stabbinglinesbe-
tweenthequerypolygonsmapto pointson the intersection
of thepyramidwith thePlücker quadric.Theextremalstab-
bing lines are incident to four edges:they always contain
a vertex Pi of S anda vertex Pj of R, andarenotedsi j . In
projective space,they mapto therayss�i j on theintersection
of the edgesof the pyramid with the Plücker quadric,and
becomethepointss. �i j aftertheprojection(seeFigure6 (a)).

Thesplit algorithmin Section3.1requiresthepolytopeto
bebounded,andwe usethefollowing stepsto transformthe
projective polytopeinto a boundedpolytope.First, we take
a particularhyperplaneH - , chosenso that thepoint r � be-
comesa point at in�nity , correspondingto the directionr

�

(thedetailscanbefoundin theAppendixA). Theprojection
ontoH - effectively transformstheprojective polytopeinto
a prism with principal axis r

�

andedgesparallel to the di-
rectionr

�

. Theseedgesarethe vertical edgesof the prism
(seeFigure6 (b)). It is easierto clip this prismthanto clip
anunboundedpyramidobtainedwith anarbitraryprojection
hyperplane.Indeed,two cappinghyperplanesH )c andH 'c ,
with normalsr

�

and
�

r
�

, areenoughto obtainaclosedpoly-
tope(seeFigure7). The independenttermsof the capping
hyperplanes,�xing their translation,arechosensothat they
completelyenclosetheregionof thePlückerquadriclocated
insidetheprism(thedetailsaregivenbelow).

Figure 7: On the cappinghyperplanesH
)c and H

'c , the
two verticesV )i j andV 'i j createdfromsi j share four hyper-
planeswith each other and with the verticescreatedfrom

�

si
)

1j �

si
'

1j �

si j
)

1 �

si j
'

1
� .

In Plücker space,a vertex of polytope � is locatedat
theintersectionof � ve hyperplanes(i.e.we supposethatthe
polytopeis simpleandthat its verticesarecontainedin ex-
actly � ve facets;this suppositionis valid if S andR do not
containany degeneratededges).Four of thesearethe dual
hyperplanesof theedgesof thequerypolygonsandthe�fth
is oneof thecappinghyperplanes.Thevertex positionsare
computedas the intersectionsof the vertical edgesof the
prism andthe cappinghyperplanes.This canbe ef�ciently
doneby forming thelinesof theedgesfrom thedualpoints
s�i j of theextremalstabbinglinesandthedirectionr

�

.
An edgeis locatedat the intersectionof four hyperplanes

meaningthattheedgesof theskeletonshouldbecreatedbe-
tweenpairs of verticessharingfour hyperplanes(seeFig-
ure7).
The completealgorithmto createthe 1-skeletonof � is as
follows: computethedirectionr � andall theextremalstab-
bing lines si j , aswell as their dual point s�i j . Projectthese
pointsonto theprojectionhyperplaneto obtains. �i j . You are
now ableto �nd thecappinghyperplanesH )c andH 'c : their
normalsare r

�

and
�

r
�

and their independentterms are
computedso that all the s. �i j are inside the delimitedpoly-
tope.Let di j betheorthogonalprojectionof s. �i j ontothedi-

rectionr
�

, computedwith the classicaldot productin �

6:
di j




�

s. �i j �

r
�

�

. The independenttermsarethe minimum
andmaximumvaluesof all di j . To ensurethepolytopecon-
tainsall the stabbinglines, they mustbe clampedto 0 (the
mathematicaldetailsareout of the scopeof this paper, but
this clampingenablesto take the curvatureof the Plücker
quadricinto account).

Then computeall the verticesV )i j andV 'i j as the inter-

sectionsof theverticaledgespassingthroughthepointss. �i j

with hyperplanesH )c andH 'c . Thelaststepis to createthe
edges.For eachextremalstabbingline si j , connect:

� vertex V
)i j andvertex V 'i j (to form a verticaledge)

� vertex V
)i j andverticesV

)i
'

1j ,V )i
)

1j ,V )i j
'

1,V
)i j

)

1.
� vertex V 'i j andverticesV 'i

'

1j ,V 'i
)

1j ,V 'i j
'

1,V 'i j
)

1.

4. Fastand Simple Polygon-PolygonOcclusionQuery

A polygon-polygonocclusionquery consistsof determin-
ing whetherthe polygonsS andR arevisible througha set
of convex polygonaloccludersOi . After theconstructionof
thepolytope � representingthe setof lines stabbingS and
R, the setof lines blocked by eachoccluderaresubtracted
incrementally, andthe resultingpolytopesarestoredin the
complex # . Previous methods[MAM05] treateachpolyg-
onal occluderOi individually anduseevery edgeof every
polygonaloccluderasa splitting hyperplane,causinga lot
of extra work. Furthermore,they performpoorly whenthe
two polygonsare partially visible becausethe visibility is
only establishedafterall theoccludershavebeensubtracted.
In this section,a new framework, usingthe low level algo-
rithmspresentedin Section3, is proposedto copewith these
problems.We�rst presentthetwo ideasit is basedon:anew
occluderselectionprocessguidedby visibility (Section4.1),
andanew from-regionsilhouetteoccluderaggregation(Sec-
tion 4.2). Theframework combiningtheseideasis presented
in Section4.3anddiscussedin Section4.4.

4.1. Visibility guidedoccluder selection

During a query, the polytope � is split by the hyperplanes
of the occluderedges,and the polytopescorrespondingto
blocked line-spaceregionsareeliminated.Eachremaining
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polytoperepresentsa subsetof theinitial stabbinglinesthat
are not blocked by the previously processedoccluders.In
otherwords,any line of this subsetpassesthroughanaper-
tureleft by theoccluders(seeFigure8).

Figure 8: � i representsa setof lines throughtheaperture
left by theoccluders.m is therepresentativeline of � i .

For eachpolytope � i , sucha line m is extractedandin-
tersectedwith thegeometry. If m doesnot intersectany oc-
cluders,S andR aremutually visible and the querystops.
Otherwise,the next occluderOi to be subtractedfrom � i
is selectedamongthe polygonsintersectedby m. OnceOi
hasbeenchosen,its polytope � i , however, will not besub-
tractedfrom every polytope in the complex as was done
in previous work [NBG02]. Instead, � i is only subtracted
from thepolytope � i . Sincetheoccluderwaschosenby in-
tersectingthe representative line m with the geometry, this
guaranteesthat � i containsat leastthepoint m� of � i , and
that the intersectionof � i and � i is never empty(seeFig-
ure 9). Furthermore,every subtractionoperationaltersthe
intersectionof thepolytope� with thePlücker quadric,and
all splits which would not remove any real stabbinglines
areavoided.In constrastto themethodproposedrecentlyby
Mora et al. [MAM05], theadvantageof this occluderselec-
tion mechanismis that the unnecessarysplit operationsare
discardedbefore beingperformed.

Figure 9: (a) Evenif the hyperplanesof � i intersect � i ,
thesetwo splitsare redundantbecause� i  /� i is empty. (b)
With our ray samplingstrategy, � i  /� i is never empty, and
theintersectioncontainsat leastm� .

Therepresentative line m of thepolytope � i is computed
in Plückerspace,wherethepolytopesareconvex sets,rather
than in �

3 , wherethey often representcomplicatedsetsof
lines(theseline setsaredelimitedby swathsurfacesthatare
not necessarilyplanarnor convex). In dualspace,thepoint
m� mustrespectthefollowing constraints:

� locatedinside � i : every linearconvex combinationof its
verticesde�nesa valid point.

� belongsto thePlücker quadric.

To �nd m� , we computetwo convex linearcombinations
of verticeson eachsideof thePlücker quadricthat together
de�ne a line segment.The intersectionof this line segment
with thePlücker quadricis thepointm� . If it is not possible
to �nd a point for both sidesof the quadric,an extremal
stabbingline is taken asa representative line (this happens
in degeneratecon�gurations,whenall thepolytope'vertices
are on the same side of the quadric or belong to the
quadric). The problem of selectingone occluder among
the occludersintersectedby the line m is solved by using
a line counting strategy, like the one usedin the caseof
randomray samplingin [NBG02]. Eachoccludermaintains
a counterrepresentingthenumberof representative lines it
intersects,andthechosenoccluderis theonethat intersects
themostlines.For a givenpolytope� i , only a subsetof the
representative lines is taken into account:the oneshaving
a dual point inside � i . Of course,every time a polytopeis
deleted,its representative line is alsodiscarded.It is possible
to reducethe number of line-geometryintersectiontests
by `recycling' the representative lines: each split creates
two sub-polytopes,and the line m can be usedagainas a
representative line for oneof them(i.e. for thesub-polytope
locatedon thesamesideof thesplittinghyperplaneasm� ).

4.2. Silhouetteoccluder aggregation

We de�ne thefrom-region silhouetteasthesetof edgesthat
are from-point silhouetteedgessimultaneouslyfor at least
onepointof thepolygonSandonepointof thepolygonR.
In thecaseof connectedpolygonaloccluders,only thefrom-
region silhouetteedgesof the objects can causevisibil-
ity events(i.e. separatethe Plücker spacebetweenblocked
and free set of lines). The other ones,called the internal
edges, are redundantfor the visibility determination(see
Figure10).

(a) (b)

Figure 10: (a) Theshadedregion representsthesetof rays
blockedby theoccluders. b ande are internal edges,while
a, c andd are from-regionsilhouetteedges.(b) Only thesil-
houetteedges haveto be usedto obtain the setof blocked
rays.

Rather than splitting the complex of polytopesby all
the edgesof every occluder, it is possibleto avoid many
redundantsplits by verifying that the splitting edge is
effectively a from-region silhouetteedge.Let e betheedge
that connectsthe occluderpolygonsP1 andP2. The planes
containingP1 andP2 de�ne a doublewedgewhich delimits
theregionsW1 andW2 (seeFigure11).
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(a) (b)

Figure 11: Theedge e connectsthe occluderpolygonsP1
and P2. The planescontainingP1 and P2 de�ne a double
wedge region. (a) 3D view. (b) 2D view (e is perpendicular
to thesheetof paper).

The wedgeof the from-region silhouetteedgeshave an
intersectionwith both querypolygonsS andR. We deduce
thefrom-region silhouetteedgecondition(seeFigure12 for
someexamples):

From-regionsilhouetteedge. e is a from-region silhouette
edge if and only if S hasat leastonepoint in W1 (resp.in
W2) andR haveat leastonepoint in W2 (resp.in W1).

Figure 12: Illustrative exampleof the silhouettecondition.
Theedgesa andb belongto thefrom-regionsilhouette, con-
trary to theedgesc andd.

The from-region silhouetteedgespartition the occluder
meshinto connectedpatchesFi (i.e. eachoccluderpolygon
belongsto oneandonly oneFi , seeFigure13).

(a) (b)

Figure 13: Using a connectedpolygonalmeshas an oc-
cluder for a query(SandR are not shown,but they are lo-
catedon bothsidesof each bunny)(a) Classicalapproach:
thepolygonalprimitivesare treatedindividually andall the
edges are used.(b) Silhouetteoccluder aggregation: the
polygonsaregroupedinto patches,andonlythefrom-region
silhouetteedgesare used.

In our line counting mechanismused for occluder
selection, each patch is consideredan occluder. Since
the silhouettesdependon the con�guration of the query
polygons,the patchesFi are explicitly extractedfor each
query the �rst time a polygon occluder is hit by a ray.
An extraction is a �ood-�ll traversalof the initial mesh's
face-adjacency graphthatstopswhenfrom-regionsilhouette
edgesaremet.

4.3. Framework for analytic occlusionquery

Our framework builds on thedescribednew techniquesand
canbesummarizedby thefollowing pseudo-code:

1: ProcedureareVisible(S, R)
2: Constructtheinitial polytope� for SandR
3: returnrecursiveSplit( � )
4:
5: ProcedurerecursiveSplit( � )
6: m= representative line of �

7: X = setof patchesintersectedby m
8: if X




empty then
9: returnVisible //earlytermination

10: Selecta patchFi from X
11: Searchfor a valid edgee in Fi
12: if e 0




empty then
13: { �

'
, �

)
} = Split ( � , He)

14: if (recursiveSplit( ��' )=Visible then
15: returnVisible
16: if (recursiveSplit( �

)
)=Visible then

17: returnVisible
18: returnHidden

The complex # is not representedexplicitly, but im-
plicitly by successive calls to the recursive procedure
recursiveSplit(� ). For eachpolytope,a representative line
mis extractedandintersectedwith thescenegeometryto se-
lectFi (lines6 and7). As describedin Section4.1, m passes
throughan apertureremainingafter the alreadyprocessed
occluders.If m doesnot intersectany occluders,the query
polygonsaremutuallyvisibleandthequeryterminatesearly
(line 9). Otherwisethe patchFi is selectedfrom the setof
patchesintersectedby m (line 10). Its boundaryedgesare
inspected,until anedgee verifying the following split con-
dition is found(line 11):

�

�

	

He, thedualhyperplaneof e, is nota facetof �

ebelongsto thefrom-region silhouette(Section4.2)
edividesthesetof linesinsidepolytope�

The last test is not trivial, and we evaluateit conserva-
tively by testingtheedgee for intersectionwith theconvex
hull of S andR. If no suchedgeis found, thecurrentpoly-
toperepresentsasetof linescompletelyblockedby thepatch
Fi: the recursionstops,andthepolytopeis eliminatedfrom
thecomplex. Otherwise,thepolytopeis split into thepoly-
topes�(' and �*) (line 13) andtheprocedureis recursively
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appliedto both polytopes(lines 14-17).The recursive pro-
cedurereturnswhenall thepolytopeshave beenblocked:S
andRaremutuallyoccluded(line 18).

4.4. Framework Analysis

The main advantageof our framework is that all splits by
internal edgesare avoided.The bestcaseis a single con-
vex occluderblockingall the raysbetweenthe querypoly-
gons:all theedgesareinternalandthequeryis provenhid-
denwithout performingany split operations.In a sense,the
framework canbe seenasan extensionto the generalcase
of multiple occludersof thepredicatespresentedby Navazo
et al. to detectthe occlusioncreatedby a singlepolygonal
occluder[NRJS03].
In terms of occlusion layers [KS00], previous analytic
frameworks were only able to fuse the occlusionfor the
secondor greateroccludedlayer. This is achievedby using
hiddencells asvirtual occluders[NBG02]. In addition,our
occluderaggregationmethodis able to combineocclusion
from the�r st visiblelayer of occluders:thispropertyis cen-
tral for the scalabilityof the approachin scenescontaining
complex objects.
The possibility of early terminationis increasedgreatly in
thecaseof mutualvisibility, sincea representative line m is
testedprogressively for eachaperture.Thealgorithmeffec-
tively convergeson apertureand terminates.Furthermore,
the complexity of the methodis no longer a function of
theoccluderswithin thepolygon-polygonqueryshaft,but a
functionof thecomplexity of thefarsimplersilhouetteedge.
Furthermore,theconjunctionof thesilhouetteconditionand
therepresentative line strategy leadsto a veryef�cient aper-
turedetection,becausethe linesareguidedtowardsthesil-
houetteboundariesof objects.

5. Results

We have implementedthe describedalgorithms in the
`VisiLib' library; the test computeris a laptop Pentium4
computer(1.9Ghz)with 1.28Gbof memory.

5.1. Framework evaluation

Themostdirectapplicationof thepolygon-to-polygonquery
framework is thecomputationof a PVS.However, thecom-
pletevisibility pre-processingof a scenerequiresadditional
algorithmsthatareoutof thescopeof thispaper(seefor ex-
ample[Lai05]). For this reasonwe have evaluatedthequery
framework in context of PVS computationby usinga ran-
domsamplingprocess.
The framework was testedby placingaxis-alignedcubical
view cellsof equalsizealongapathtraversingthescenege-
ometry. For realistic results,scenesof varying complexity
were used.For eachpath the mutual occlusionof 100000
randomlychosenpairsof boundingboxeswere tested,the
�rst boxcorrespondingto oneof theviewcellsandtheother

oneenclosinganobjectof thescene.At �rst, thetwo boxes
were replacedby a conservative polygonalapproximation
representingthe union of all the possibleviews of the box
from theotherone,andapolygon-to-polygonquerywasap-
plied to determineif they werehidden.If so,theboxeswere
alsoproven hidden.Otherwise,the mutualvisibility of the
36pairsof boxfacesweretested,andtheboxesweremarked
hiddenif all the facecombinationswere mutually hidden.
For ef�cient processing,thesceneswerestoredin anoctree
andshaftcullingwasusedto limit theintersectionteststo the
objectsinsidetheshaftof thetwo boundingboxes[HW91].
The resultsare summarizedin Figure 14. Becauseof the
earlyterminationmechanism,thedistributionsof thevisible
andhiddenqueriesare slightly different and they are pre-
sentedseparately.
Eachquerybegins with the creationof the initial polytope

� . Typically, whenSandR aretwo quadrilaterals,thedou-
ble descriptionmethodimplementation[Fuk] usedin previ-
ouswork [NBG02] takesabout8 1 10'

3 sec.(this time also
includesthe computationof the full face-latticeof � ), and
wasa seriousbottleneck(the situationis even worsein the
caseof [Bit02], becausethe methodis usedfor eachsub-
tractedoccluder).In thesamesituation,our directconstruc-
tion methodis morethan300 timesfaster, andperformsin
about242 5 1 10'

6 sec.
Dependingon thescene,theaveragetime for silhouetteex-
tractionrangesfrom 1 to 36 ms.Even if it is small in com-
parisonto thetime thatwould have beenneededto perform
all the split operations,it canreachup to 95% of the total
querytime in worstcasesituations.A cachingschemesimi-
lar to theoneproposedby Aila etal. [AM04] shouldbeused
to limit the costof theextractions(optimizationnot imple-
mented).
To identify thebottlenecksof the framework, we measured
the averagetime spentin different partsof the algorithm.
The resultsarepresentedin Figure17(a), asa function of
the numberof occluderseffectively subtractedduring the
query(i.e. thenumberof effectiveoccluders). As expected,
themostcostlyoperationsaretheCSGin Plückerspaceand
therepresentative line intersectiontests.The latterarecon-
siderablymore expensive than simple ray castingbecause
theintersectiontestingdoesnot stopwhenthe�rst objectis
hit. With anaverageof 4000representative lines treatedby
second,our implementationis considerablyslower thanthe
currentstandardin ray tracingandshouldcertainlybe im-
proved.Anotherpossibilitycouldbeto stoptheintersection
testswhenagivennumberof occludershasbeenintersected.
Notethatthenumberof representative lineswasalreadyre-
ducedby 'recycling' themamongthe polytopescreatedin
splitting (Section4.1).

For comparisonpurposes,we have also implemented
the exact polygon-to-polygonocclusionquerymethodpre-
sentedin [NBG02], modi�ed to reducethe fragmentation
by detectinganddiscardingthe uselesssplits asdescribed
in [MAM05]. To allow a direct comparison,this method
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(a)Vienne(26k tri) (b) Level 12 (104ktri) (c) Level 1 (187ktri) (d) Bonga(4.6Motri)

Visible Visible Visible Visible Visible Hidden Hidden Hidden Hidden Hidden
Visible (Time) # Splits # Rep.Lines #Eff. Occ. Sil. Ex.(ms) Time (ms) # Splits # Rep.Lines #Eff. Occ. Sil. Ex.(ms) Time (ms)

a 8%(5.3%) 0/7.5/169 1/7.5/151 0/8.1/148 0/0.2/22.8 0.2/4.3/112.7 0/5.1/162 1/6.5/138 1/8.8/122 0/1.1/44.2 0.3/6.6/106.7
b 16%(5.6%) 0/19.3/2.4k 1/11.8/1.2k 0/16.8/642 0/0.2/21.7 0.2/10.7/1.5k 0/51.8/6.7k 1/32.6/3.6k 1/55.5/1.1k 0/1.5/78.3 0.3/34.5/5.4k
c 46.6%(32.3%) 0/70.1/42.9k 1/34.7/20k 0/55.4/5k 0/1.3/394.4 0.3/62/56.4k 0/117.7/20.3k 1/60.6/9.8k 0/88.9/3k 0/2.8/335.3 0.4/113.3/30.5k
d 22.3%(17.7%) 0/17.7/6.9k 1/11/3.6k 0/14.7/3k 0/17.2/7.9k 0.6/80.5/24.5k 0/15.2/15.4k 1/8.9/8.1k 0/11.6/2.9k 0/36/10.4k 0.6/107.6/35.4k

Figure14: Viennais a townmodelof 458objectsand26ktriangles;Level12andLevel1 are twocomputergamescenes:Level
12is aninterior sceneof 1177objectsand104ktriangles,andLevel1 is anoutdoorscenewith 2160objectsand187ktriangles.
Bongais an industrial CAD model,counting430kobjectsand4.6millions of triangles.For each scene, 100000randombox-
to-boxocclusionquerieswhere performed.For each data, theminimum/average/maximumvalueobservedis given.The�r st
columngivesthepercentage of visiblequeriesandtheglobal timespentto performthem(in parenthesis).The3 next columns
giveresp.thenumberof splits,of representativelines,andof effectiveoccluders performedduring thequery. Thecolumn'Sil.
Ex.' givesthetimespentin thesilhouetteextractionprocess.Finally, thetotal timeneededto performonepolygon-to-polygon
occlusionqueryis givenin thecolumn'Time'.

was implementedusing the low dimensionalalgorithms
presentedin Section3 andtheoccluderselectionpresented
in the Section4.1. Despiteall the modi�cations madeto
the original method,we refer to this implementationasthe
classicalframework. In addition to the occludersilhouette
aggregation technique,the main difference betweenthe
classical framework and the framework presentedin the
Section4.3 is that oncean occluderhasbeenselected,all
the polytopesof the complex are split by all the edgesof
its dual polytope.Time neededto performonequery, asa
function of the numberof effective occluders,is given in
Figure15 (Level 12scene).
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Figure15: Comparisonof differentmethodsfor Level12.

For suf�ciently largequeries,theclassicalframework re-
sultsarecompatibleto thosepresentedin [NBG02]. How-
ever, our modi�ed implementationis faster for smaller
queriesbecauseit bene�tsfrom theaccelerationof theinitial

polytopecreationalgorithm.With a leastsquare�tting, we
evaluatedthe complexity of the classicalframework curve:
O � n1 3 84

�

, wheren is thenumberof effective occluders.The
secondcurve is for our framework presentedin Section4.3
usedwithout thesilhouetteoccluderaggregation(i.e. all the
edgesareconsideredas splitting edges).In comparisonto
theclassicalframework, theoccludersareonly usedlocally,
and the uselesssplits areavoidedbeforebeingperformed.
For 100effective occluders,theframework is about5 times
faster. Thelastcurve is for our framework usedwith thesil-
houetteoccluderaggregation.Sincemostof thesplitsby in-
ternaledgesareavoided,it providesanearlyconstantaccel-
erationover the precedentcurve, equalingto about6. For
100effective occluders,theaccelerationbetweentheclassi-
cal framework andthe silhouetteaggregationframework is
about30. The complexity of the silhouetteoccluderaggre-
gationcurve is O � n1 3 44

�

.

5.2. Occluder selectionand aperturedetection

To studytheoccluderselectionandtheaperturedetectiona
syntheticscenewasusedto control thetestparameters.The
querypolygonsS andR aretwo equilateraltrianglesof the
samesize,parallelto eachotherwhile randomsizedequilat-
eraltrianglesareincrementallyinsertedbetweenthem.After
insertingeachoccluder, themutualvisibility of SandRwas
queried(seeFigure16).
Sincetheoccludersaredisconnected,nosilhouetteoccluder
aggregation occurs.The resultsare presentedin the Fig-
ure 17(b) (averageover 1000experiments).The curvesare
decomposedbetweena visible anda hiddenphase.During
the visible phase,they increasewith the numberof trian-
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gles:thequerypolygonsget lessvisible, andearly termina-
tion happenslaterasthesizeof theaperturedecreases.The
curvesreacha maximumpoint whentheshaftgetsblocked
(with 310occludersonaverage).After this,addingmoretri-
anglesgivesmorechoicesfor theoccluderselectionheuris-
tic, and the curves begin to decrease.This shows that the
occlusionquerycostis notproportionalto thenumberof oc-
cluderspresentin theshaft:assoonastheshaftis blocked,
addingmoreoccluderscanevenhaveapositiveeffecton the
computationtime(exceptfor therepresentativeline intersec-
tion teststhataremoreandmorecostly in our implementa-
tion).
In previouswork, early terminationwasobtainedby testing
if free raysexist amonga setof randomlychosenraysbe-
tweenSandR[NBG02]. If therandomsamplingmissedthe
aperture,all theoccludersinsidetheshafthadto be treated
beforethemutualvisibility of thepolygonscouldbeestab-
lished.Thevisiblequerieswerepotentiallymorecostlythan
the hiddenonesthatonly subtractedthesubsetof effective
occludersneededto prove theocclusion.Let p betheprob-
ability of detectingan apertureby usingrandomrays.Fig-
ure17(c) represents1p , theaveragenumberof randomrays
neededto discover theaperture,estimatedby castinga large
numberof randomrays.Thisnumberbecomesvery largeas
theaperturesizedecreases,while ourvisibility guidedaper-
ture detectionalwaysdeterminesthe mutualvisibility with
a boundednumberof representative lines.Usingour frame-
work, theneedto subtractall theoccludersinsidetheshaft
to prove visibility is avoided.

Figure 16: Randomoccluders experiment: randomsized
equilateral triangles are iteratively inserted betweenthe
querypolygons.

6. Conclusionand Futur eWork

Wehavepresentedanew framework for polygon-to-polygon
occlusionquerythatdecreasestheaveragecomplexity of the
previous analyticapproacheson realisticscenes.Maintain-
ing the full face-latticeof the polytopes,asdonein previ-
ouswork, is similar to theconstructionof a localizedsubset
of the visibility complex. Our approach,usingonly the 1-
skeletonsof thepolytopes,is similar to theconstructionof a
localizedsubsetof thevisibility skeleton.The�rst bene�t of
this framework is to reducethecomplexity of the queryby
choosingtheoccluderlocally for eachpolytope:theuseless
splits areavoided.Furthermore,the chanceof early termi-
nation is greatlyenhancedin the caseof mutual visibility.
When the framework is usedto performthe silhouetteoc-
cluderaggregation, it becomessensitive to the complexity

of thefrom-regionsilhouetteof eachoccludingobject,rather
thanto its entirepolygonalmesh.Thedrawbacksarelinked
to the extractionof the silhouettes:the triangleadjacencies
have to be storedfor eachmesh,and the silhouettesmust
beextractedfor eachoccluderfor eachquery. However, the
time neededto performthis taskis small in comparisonto
the time that would be neededto performall the split op-
erations.Thealgorithmevaluatesa silhouetteconditionand
a split conditionfor eachoccluderedge.Thesetestsarenot
trivial, and were replacedby simpler conservative testsin
our implementation,leadingto someamountof uselesssplit
operations.As futurework, thefrom-regionsilhouettecould
beextractedlocally for eachpolytope,insteadof globallyas
it waspresentedhere.We alsoplan to develop an accurate
testto determineif e effectively dividesthe setof lines in-
sideeachpolytopeto replaceour conservative testusingthe
convex hull of SandR.
Sinceoccluderselectionis anNP-hardproblem,our frame-
work usesa representative line countingstrategy as a se-
lection heuristic.This greedyprocessdoesnot alwayspro-
videthebestordering[NBG02], andweplanto improvethis
heuristicin futurework.
Finally, we intend to incorporatethe polygon-to-polygon
mechanismin a completePVScomputationalgorithm,such
astheonepresentedrecentlyin [Lai05].
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Figure 17: (a) Silhouetteoccluderaggregation: time for the different algorithm stepsvs.numberof effective occluders (for
the Level 12) b) Numberof representativelines, splits and effectiveoccluders for the randomoccluders experiment(c) 1

p ,
the average numberof randomraysneededto discover the aperture, in functionof the numberof occluders for the random
occluders experiment.
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Appendix A: Transformingr � into a point at in�nity
Let r 465 r 40 798 8 8 7

r 45 :

be a point in ;

5 and H a projection hyper-
plane of equationå 5

i < 0 aixi =

b. The point r 4 can be seenas a
ray 5 tr

40 798 8 8 7

tr
45 :

going throughthe origin in >

6. The projectionof
r

4
onto the hyperplaneH is equalto the intersectionpoint of this

ray with H, obtainedwhent is equalto tint =@?

bAB5 å 5
i < 0 ai r 4i

:

. We
arefree to choosetheprojectionhyperplane.In orderto projectr

4

to a point at in�nity , we take the projectionhyperplaneof equa-
tion H CED pr

3x0 F

pr
4x1 F

pr
5x2 F

pr
0x3 F

pr
1x4 F

pr
2x5 =

1. Since
r is a real line, r

4
belongsto the Plücker quadric,and we have

å 5
i < 0 ai r 4i =

Hr 5 r
4

:

=

0 (by equation(3)): with this projectionhy-
perplane,r

4
is effectively projectedto a point at in�nity . A similar

projectionwasalsousedin [Nir03], but thescenehadto berotated
for eachquery to ensurethat the line r was includedin the plane
yz

=

0; ourchoiceof projectionhyperplaneavoid this rotationstep.
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